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Abstract
The main purpose of this work is to obtain blow-up results for solutions of the inequality
|u|t ∆
[|u|σ u]+ |u|q + ω(x)
on the half-space R1+ × Rn, where n 1, σ  0, q > 1 + σ , and ω :Rn → [0,+∞) is a nontrivial
locally integrable function, and, in particular, to establish that for n > 2 the critical blow-up exponent
q∗ = n(1+ σ)/(n− 2) belongs to the blow-up case.
 2003 Elsevier Inc. All rights reserved.
Keywords: Blow-up; Critical exponent; Equation; Evolution; Inequality; Inhomogeneous; Liouville theorem;
Nonlinear
1. Introduction and preliminaries
In what follows, n  1 is a natural number, q > 1 and σ  0 are real numbers, ∆ :=∑n
i=1 ∂/∂x2i , S := (0,+∞)× Rn, and ω :Rn → [0,+∞) is a function which belongs to
L1,loc(Rn); we say that ω is trivial if ω(x)= 0 a.e. on Rn.
We obtain blow-up results for solutions of the inequality
|u|t ∆
[|u|σu]+ |u|q +ω(x) (1)
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|u|t =∆
[|u|σu]+ |u|q +ω(x) (2)
on the half-space S without considering their traces on the hyperplane t = 0. As a conse-
quence of these new results, we obtain new blow-up results for nonnegative solutions of
the inequality
ut ∆
[|u|σ u]+ |u|q−1u+ω(x) (3)
and the corresponding equation
ut =∆
[|u|σ u]+ |u|q−1u+ω(x) (4)
on the half-space S, again without considering their traces on the hyperplane t = 0. As
another consequence of the results obtained herein we have blow-up results for global
solutions of the Cauchy problem for (1), (2), (3), and (4) with arbitrary initial data. In
particular, we obtain the blow-up results for nonnegative global solutions of the Cauchy
problem for Eq. (4) with arbitrary initial data from the papers [1,2], which together with
the paper [3] have been an inspiration for our investigations. Especially, we include in our
consideration the critical blow-up exponent for solutions of (1), (2), (3), and (4) and, in
particular, we answer a question from [2] (see Remark 1.4 in [2]) in the Euclidean case;
namely, we prove that the critical blow-up exponent belongs to the blow-up case.
The approach developed here for model problems is directly applicable to situations
involving wide classes of equations, inequalities and systems of equations and inequalities,
with linear and nonlinear differential operators, considered on the half-space S as well as on
other unbounded domains from R1 ×Rn. Also, this approach is applicable to the study of
analogous problems on Riemannian manifolds, e.g., in the framework of [1,2]. For a survey
of the literature on blow-up results for the Cauchy problem we refer to [4–6] and references
cited therein. Finally, we would like to note that this work is close in methodology to our
previous ones [7,8] and especially to [9], which concerns a Liouville theorem of “elliptic”
type for “entire” solutions of homogeneous evolution equations and inequalities.
2. The results
In what follows, q∗ = n(1+ σ)/(n− 2) if n > 2, and q∗ =∞ if n= 1 or 2. Moreover,
q > 1 is a real number and the inequality q  q∗ means that q <∞ if q∗ =∞ and q  q∗
if q∗ <∞.
Definition 1. By a solution of (1) on S we understand a function u(t, x) :S→ R1 which
belongs to the space Lq,loc(S)∩L1+σ,loc(S) and satisfies the integral inequality∫
S
[−|u|ϕt − u|u|σ∆ϕ]dt dx 
∫
S
[|u|q +ω(x)]ϕ dt dx (1′)
for any nonnegative function ϕ ∈C∞(S) with compact support.
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on S.
In addition to Theorem 1, we obtain below (Proposition 1) an a priori estimate for
solutions of (1), which is of independent interest and is used in the proof of Theorem 1.
In what follows, S(T ,R) := (0, T ) × B(R), where B(R) := {x ∈ Rn: |x| < R} and
B(R) is the closure of B(R).
Proposition 1. Let q > σ + 1, and let u(t, x) be a solution of (1) on S. Then there exists a
constant c > 0 such that the inequality
cT
− 1
q−1 Rn + cT Rn− 2qq−σ−1 
∫
S(T ,R)
|u|q dt dx +
∫
S(T ,R)
ω(x) dt dx (5)
holds for any T > 0 and R > 0.
Definition 2. By a solution of (2) on S we understand a function u(t, x) :S→ R1 which
belongs to the space Lq,loc(S)∩L1+σ,loc(S) and satisfies the integral equation∫
S
[−|u|ϕt − u|u|σ∆ϕ]dt dx =
∫
S
[|u|q +ω(x)]ϕ dt dx (2′)
for any function ϕ ∈ C∞(S) with compact support.
Theorem 2. Let 1 + σ < q  q∗, and let ω(x) be nontrivial. Then (2) has no solutions
on S.
Definition 3. By a solution of (3) on S we understand a function u(t, x) :S→ R1 which
belongs to the space Lq,loc(S)∩L1+σ,loc(S) and satisfies the integral inequality∫
S
[−uϕt − u|u|σ∆ϕ]dt dx 
∫
S
[
u|u|q−1 +ω(x)]ϕ dt dx (3′)
for any nonnegative function ϕ ∈C∞(S) with compact support.
Theorem 3. Let 1+ σ < q  q∗, and let ω(x) be nontrivial. Then (3) has no nonnegative
solutions on S.
Definition 4. By a solution of (4) on S we understand a function u(t, x) :S→ R1 which
belongs to the space Lq,loc(S)∩L1+σ,loc(S) and satisfies the integral equation∫
S
[−uϕt − u|u|σ∆ϕ]dt dx =
∫
S
[
u|u|q−1 +ω(x)]ϕ dt dx (4′)
for any function ϕ ∈ C∞(S) with compact support.
Theorem 4. Let 1+ σ < q  q∗, and let ω(x) be nontrivial. Then (4) has no nonnegative
solutions on S.
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also solutions of (1), Theorems 2–4 are simple consequences of Theorem 1. Also, a priori
estimates for nonnegative solutions of (3) and (4) as well as solutions of (2) hold true and
are similar to (5).
Remark 2. If q > q∗, then, from the existence of nontrivial nonnegative global solutions of
the Cauchy problem for Eq. (4) with some nontrivial function ω on S (see [2, Theorem D]),
there exist nontrivial nonnegative solutions of (1), (2), (3), and (4) on S.
The nonexistence of solutions of (3) and (4) on S, bounded below by a positive constant,
is covered by Theorem 5 below. We need the following definition.
Definition 5. A function u(t, x) :S→R1 is said to be bounded below by a positive constant
on S if there exists a constant K =K(u) > 0 such that K  u(t, x) a.e. on S.
Theorem 5. Let q > σ + 1. Then there exist no solutions of (3) and (4) on S bounded
below by a positive constant.
Remark 3. Since we impose no conditions on the behavior of solutions of (1), (2), (3),
and (4) on the hyperplane t = 0, the corresponding blow-up results for global solutions of
the Cauchy problem for (1), (2), (3), and (4) with arbitrary initial data are special cases
of Theorems 1–5. In particular, the blow-up results for nonnegative global solutions of the
Cauchy problem for Eq. (4) with σ  0 and 1 + σ < q < q∗ on S from [2] are particular
cases of Theorem 4. Especially, we give an affirmative answer to a question from [2] (see
Remark 1.4 therein) in the Euclidean case; namely, we prove that the critical exponent q∗
belongs to the blow-up case. Also, the blow-up results for nonnegative global solutions of
the Cauchy problem for the equation
ut =∆u+ |u|q−1u+ω(x) (6)
on S from [1] are a particular case of Theorem 4 for σ = 0.
Remark 4. From Proposition 1, it is clear that the critical blow-up exponent for solutions
of (1), (2), (3), and (4) depends directly on the behavior of the function ω(x) at infinity. In
particular, for n > 2 and any given Q∗ > q∗, one can determine a class of functions w(x)
such that (1) and (2), with any function w(x) from this class, have no solutions on S for
σ  0 and 1 + σ < q Q∗; and therefore, (3) and (4), with any function w(x) from this
class, have no nonnegative solutions on S for σ  0 and 1+ σ < q Q∗.
Remark 5. The results of Theorems 1–5 are new also in the case σ = 0.
3. The proofs
In what follows, a “smooth” function is a C∞-function.
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make use of some well-known facts from the theory of nonlinear variational capacity (see,
e.g., [10, pp. 223–235] or [11, pp. 10–13]).
Definition 6. Let P and Q be disjoint closed subsets of Rn. We call the triplet (P,Q;Rn)
a condenser.
Fix l  1 and p  1. The quantity
caplp(P,Q;Rn) := inf
∫
Rn
|∇ lξ |p dx, (7)
where the infimum is taken over all smooth functions ξ :Rn → [0,1] which equal 1 on P
and 0 on Q, is called the (l,p)-capacity of the condenser (P,Q;Rn). Here and in what
follows, |∇ lξ |p :=∑|α|=l |Dαξ |p .
Lemma 1 (See, e.g., [10, p. 235] or [11, p. 12]). Let n 2, l  1, p  1, and lp= n. Then
there exists a constant c= c(n, l,p) such that the inequality
caplp
(
B(r),Rn \B(R);Rn) c(n, l,p)(ln R
r
)1−p
(8)
holds for any r > 0 and R > 0 such that 0< r < R <∞.
Proof of Theorem 1. The proof is by contradiction. Let q > 1+σ , let ω(x) be nontrivial,
and let there exist a solution u(t, x) of (1) on S. We show then that for 1 + σ < q  q∗
the function ω(x) must be trivial, i.e., ω(x) = 0 a.e. on Rn. So, for the time being let
q > 1 + σ , and let 0 < τ <∞ and 0 < r < R <∞. Let η : [0,∞)→ [0,1] be a smooth
function which has nonnegative derivative η′ and equals 0 on the interval [0, τ ] and 1 on the
interval [2τ,∞). Let ζ(t, x) : [0,∞)×Rn → [0,1] be a smooth function which equals 1
on [0, T /2] ×B(r) and 0 outside [0, T )×B(R). Substituting ϕ(t, x)= ζ s(t, x)η2(t) as a
test function in (1′), where the positive constant s  2 will be chosen below, we obtain
−s
∫
S(T ,R)
|u|ζt ζ s−1η2 dt dx − 2
∫
S(T ,R)
|u|ζ sη′η dt dx −
∫
S(T ,R)
u|u|σ η2∆ζ s dt dx

∫
S(T ,R)
|u|qζ sη2 dt dx +
∫
S(T ,R)
ω(x)ζ sη2 dt dx. (9)
Since η′  0 for all t > 0, the second integral on the left-hand side of (9) is nonnegative.
Therefore, (9) yields
s
∫
S(T ,R)
|u||ζt |ζ s−1η2 dt dx +
∫
S(T ,R)
|u|σ+1η2|∆ζ s |dt dx

∫
|u|qζ sη2 dt dx +
∫
ω(x)ζ sη2 dt dx. (10)
S(T ,R) S(T ,R)
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∆ζ s = sζ s−1∆ζ + s(s − 1)ζ s−2|∇xζ |2,
it follows easily from (10) that∫
S(T ,R)
s|u||ζt |ζ s−1η2 dt dx +
∫
S(T ,R)
s|u|σ+1ζ s−1|∆ζ |η2 dt dx
+
∫
S(T ,R)
s(s − 1)|u|σ+1ζ s−2|∇xζ |2η2 dt dx

∫
S(T ,R)
|u|qζ sη2 dt dx +
∫
S(T ,R)
ω(x)ζ sη2 dt dx. (11)
Estimating all the integrands on the left-hand side of (11) by Young’s inequality
AB  αA
β
β−1 + α1−βBβ
with α = 1/4 and suitable A, B and β , we arrive at
1
4
∫
S(T ,R)
|u|qζ sη2 dt dx + c1
∫
S(T ,R)
|ζt |
q
q−1 ζ s−
q
q−1 η2 dt dx
+ 1
4
∫
S(T ,R)
|u|qζ sη2 dt dx + c1
∫
S(T ,R)
|∆ζ | qq−σ−1 ζ s− qq−σ−1 η2 dt dx
+ 1
4
∫
S(T ,R)
|u|qζ sη2 dt dx + c1
∫
S(T ,R)
|∇xζ |
2q
q−σ−1 ζ s−
2q
q−σ−1 η2 dt dx

∫
S(T ,R)
|u|qζ sη2 dt dx +
∫
S(T ,R)
ω(x)ζ sη2 dt dx. (12)
We use the symbols ci , i = 1,2, . . . , to denote constants depending possibly on n,q, s, σ,
but not on τ , r , T , or R. Inequality (12), for any fixed s  2q/(q − σ − 1), yields
c2
∫
S(T ,R)
|ζt |
q
q−1 dt dx + c2
∫
S(T ,R)
|∆ζ | qq−σ−1 dt dx + c2
∫
S(T ,R)
|∇xζ |
2q
q−σ−1 dt dx

∫
S(T ,R)
|u|qζ sη2 dt dx +
∫
S(T ,R)
ω(x)ζ sη2 dt dx. (13)
Now, we choose in (13) the function ζ(t, x) in the form ζ(t, x) := ψ(t/T )ξ(x), where
ψ : [0,∞)→ [0,1] is a smooth function which equals 1 on [0,1/2] and 0 on [1,∞), and
ξ :Rn→[0,1] is a smooth function which equals 1 on B(r) and 0 outside B(R). Using the
fact that the function η(t) equals 1 on the interval [2τ,∞) and τ > 0 is arbitrary, that for
arbitrary T > 0 and R > 0 the volume of S(T ,R) is equal to c3T Rn and that the function
ψ(t/T ) can be chosen such that |ζt | c3T −1, we obtain from (13) the inequality
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q−1Rn + c4T
∫
B(R)
|∇2ξ | qq−σ−1 dx + c4T
∫
B(R)
|∇ξ | 2qq−σ−1 dx

∫
S(T/2,R)
|u|qζ s dt dx +
∫
S(T/2,R)
ω(x)ζ s dt dx. (14)
Now, choosing in (14) r = R/√2 and the function ξ(x) in the form ξ(x) := ψ(|x|2/R2),
where ψ : [0,∞)→[0,1] is a smooth function which equals 1 on [0,1/2] and 0 on [1,∞)
such that, for arbitrary R > 0,
|∇ξ | c5R−1 and |∇2ξ | c5R−2,
we obtain
c6T
− 1q−1Rn + c6T Rn−
2q
q−σ−1

∫
S(T/2,R/
√
2)
|u|q dt dx +
∫
S(T/2,R/
√
2)
ω(x) dt dx. (15)
It follows easily from (15) that the inequality
c7T
− qq−1Rn + c7Rn−
2q
q−σ−1 
∫
B(R)
ω(x) dx (16)
holds for arbitrary T > 0 and R > 0. Furthermore, since
n− 2q
q − σ − 1 < 0 for 1+ σ < q < q
∗,
choosing T =Rγ with γ such that n−γ q/(q − 1) < 0 and passing to the limit as R→∞
in (16), we obtain that ∫
Rn
ω(x) dx = 0 and therefore that w(x)= 0 a.e. on Rn. To prove
Theorem 1 in the case of the critical blow-up exponent q = q∗, we make use of a more
delicate analysis from capacity theory. To this end, let n > 2 and q = n(1+ σ)/(n− 2).
Then q/(q − σ − 1)= n/2, and therefore inequality (14) yields
c8T
− 1q−1Rn + c8T
∫
B(R)
|∇2ξ | n2 dx + c8T
∫
B(R)
|∇ξ |n dx  T
∫
B(r)
ω(x) dx (17)
with any T > 0 and any r > 0 and R > 0 such that 0 < r < R <∞.
By the well-known Sobolev inequality (see, e.g., [12, pp. 155–158]), there exists a con-
stant C = C(n) such that the inequality
C(n)
( ∫
B(R)
|∇2ξ | n2 dx
) 2
n

( ∫
B(R)
|∇ξ |n dx
) 1
n
(18)
holds for an arbitrary function ξ(x) smooth on Rn, which equals 0 outside B(R) for any
R > 0. Consequently, (17) and (18) imply that the inequality
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− qq−1Rn + c9
∫
B(R)
|∇2ξ | n2 dx + c9
( ∫
B(R)
|∇2ξ | n2 dx
)2

∫
B(r)
ω(x) dx (19)
holds for any smooth function ξ :Rn →[0,1] which equals 1 on B(r) and 0 outside B(R)
and any r > 0 and R > 0 such that 0< r < R <∞.
Minimizing the left-hand side of (19) over all smooth functions ξ :Rn → [0,1] which
equal 1 on B(r) and 0 outside B(R) (i.e., by Definition 6, calculating the (2, n/2)-capacity
of the condenser (B(r),Rn \B(R);Rn)), we obtain
c10T
− qq−1Rn + c10 cap2n/2
(
B(r),Rn \B(R);Rn)
+ c10
(
cap2n/2
(
B(r),Rn \B(R);Rn))2

∫
B(r)
ω(x) dx. (20)
Since, by Lemma 1, there exists a constant c= c(n) such that
c(n)
(
ln
R
r
)1− n2
 cap2n/2
(
B(r),Rn \B(R);Rn), (21)
it follows from (20) and (21) that the inequality
c11T
− q
q−1Rn + c11
(
ln
R
r
)1− n2 + c11
(
ln
R
r
)2−n

∫
B(r)
ω(x) dx (22)
holds for any T > 0 and any r > 0 and R > 0 such that 0 < r < R <∞. Choosing, as
above, T =Rγ with γ such that n− γ q/(q − 1) < 0, and passing to the limit as R→∞,
we obtain from (22) that ∫
B(r)
ω(x) dx = 0 for an arbitrary r > 0. Now, passing to the limit
as r →∞, we obtain that ∫
Rn
ω(x) dx = 0 and therefore that w(x)= 0 a.e. on Rn for
n > 2 and q = n(1+ σ)/(n− 2). Thus, for 1 + σ < q  q∗ we have the contradiction to
our assumption about the nontriviality of the function ω(x). ✷
Proof of Proposition 1. The proof follows immediately from the proof of Theorem 1.
Namely, inequality (15) yields inequality (5). ✷
Proof of Theorem 5. The proof is by contradiction. Let q > 1+σ , and let there exist a so-
lution u(t, x) of (3) on S bounded below by a positive constant. Let, as above, 0 < τ <∞
and 0 < r < R <∞. Let η : [0,∞)→ [0,1] be a smooth function which has nonnega-
tive derivative η′ and equals 0 on the interval [0, τ ] and 1 on the interval [2τ,∞). Let
ζ(t, x) : [0,∞)× Rn → [0,1] be a smooth function which equals 1 on [0, T /2] × B(r)
and 0 outside [0, T )×B(R). Substituting ϕ(t, x)= ζ s(t, x)η2(t) as a test function in (3′),
where the positive constant s  2 will be chosen below, we obtain
−s
∫
uζtζ
s−1η2 dt dx − 2
∫
uζ sη′η dt dx −
∫
u|u|σ η2∆ζ s dt dxS(T ,R) S(T ,R) S(T ,R)
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∫
S(T ,R)
u|u|q−1ζ sη2 dt dx +
∫
S(T ,R)
ω(x)ζ sη2 dt dx. (23)
Since η′  0 for all t > 0, the second integral on the left-hand side of (23) is nonnegative,
and therefore (23) yields
s
∫
S(T ,R)
u|ζt |ζ s−1η2 dt dx +
∫
S(T ,R)
uσ+1η2|∆ζ s |dt dx

∫
S(T ,R)
uqζ sη2 dt dx +
∫
S(T ,R)
ω(x)ζ sη2 dt dx. (24)
Since for a nonnegative solution u one has u= |u|, we can repeat the proof of Theorem 1
word for word from (10), which coincides with (24) in the case of a nonnegative solution
u(t, x), to (15). As a result of this, we obtain from (15) that the inequality
c12T
− 1q−1Rn + c12TRn−
2q
q−σ−1

∫
S(T/2,R/
√
2)
uq dt dx +
∫
S(T/2,R/
√
2)
ω(x) dt dx (25)
holds for arbitrary T > 0 and R > 0. As above, we use the symbols ci , i = 1,2, . . . , to
denote constants possibly depending on n,q, s, σ, but not on τ , r , T , or R. Since, by the
assumption of Theorem 5, the function ω(x) is nonnegative and the solution u(t, x) is
bounded below by a positive constant, and since the volume of S(T /2,R/2) is equal to
c13T Rn, inequality (25) yields
c14T
− 1q−1Rn + c14TRn−
2q
q−σ−1  TRn (26)
for any fixed σ  0, q > σ + 1, and arbitrary T > 0, R > 0. Thus, for sufficiently large T
and R we have the contradiction to our assumption about the existence of solutions of (3)
on S bounded below by a positive constant. ✷
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